Abstract Optical Fabry-Perot cavities always show a non-degeneracy of two orthogonal polarisation states. This is due to the unavoidable birefrin- 
two cavity mirrors (equivalent wave-plate). The theoretical formulas and the experimental data agree well showing that the consequences of the mirror birefringence must be taken into account in this and in any other similar experiment.
Introduction
Today high finesse Fabry-Perot (FP) cavities are often used to increase the effective optical path length of light within a given region. One such application is in very sensitive polarimetry [1, 2, 3, 4] . Typically, to further increase the sensitivity of such an apparatus, the effect to be measured is modulated in time. Finesses have become so high that more and more often the modulated effect has frequency components close to or above the frequency cutoff of the cavity itself. For example, in ellipticity measurements, such Fabry-Perot cavities are treated as first order filters [5, 6] . A complication exists when the mirrors of the Fabry-Perot cavity are birefringent, in that not only does the ellipticity generate a rotation [1, 7] but the ellipticity and the rotation have different frequency responses, which depend on the cavity intrinsic birefringence.
In this paper we present an experimental method to make a complete characterisation of the polarisation dynamics of a Fabry-Perot cavity used for polarimetry. The study should be of interest for the wide community that employs Fabry-Perot cavities to pursue measurements of fundamental physics.
2 Polarimetry with a birefringent cavity 2.1 General method In previous papers [1, 8, 9, 10, 11, 12, 13, 14] , the method employed by the PVLAS experiment for ultra-high-sensitive magneto-optical polarimetry based on a Fabry-Perot (FP) cavity was presented. The instrument is a Malus interferometer [15] , namely a Fabry-Perot cavity inserted between two crossed polarisers, with heterodyne detection [8] . The principle scheme is shown in The ellipticity is the ratio of the minor to the major axis of the ellipse described by the electric field vector. With respect to the axes of the ellipse, there is a phase difference of π/2 between the two orthogonal components of the electric field: if the component of the electric field along the major axis is real, the orthogonal component is a purely imaginary number. Differently, in rotations the two components remain in phase. We also remind the reader that, if all acquired ellipticities and rotations are small, then they add algebraically.
The most general element describing linear magnetic birefringence and dichroism can be expressed as a Jones matrix [16] as 
where ξ = i2ψ + 2θ; an overall attenuation factor has been neglected. The ellipticity ψ and the rotation θ acquired in a single passage through the magnetic region of length L are given by
where λ is the light wavelength, ∆n = n − n ⊥ is the magnetic birefringence, ∆κ = κ − κ ⊥ is the magnetic dichroism and φ is the angle between the input polarisation direction (electric field of the light beam) and the external magnetic field. The subscripts and ⊥ refer to the direction of the external magnetic field. In the PVLAS experiment, rotating the dipole permanent magnets that generate the magnetic field modulates the magnetooptical effects; an ellipticity modulator is used for heterodyne detection. If a quarter-wave plate is properly inserted between the output mirror and the modulator, so as to transform rotations into ellipticities, rotation measurements are obtained. If the λ/4 plate is not inserted, ellipticity is measured.
Indeed, the ellipticity of the modulator will only beat with other ellipticities.
The Fabry-Perot lengthens the optical path within the interaction region thus amplifying both the ellipticity and the rotation by a factor N = 2F/π, where F is the finesse of the cavity given by [17] 
with R the reflectance of the cavity mirrors, assumed identical. Finesse values cas high as 7.7 × 10 5 can be obtained [18] . We denote with
the amplified values of the ellipticity and of the rotation. Let us indicate with η(t) = η 0 sin ω m t with η 0 1 the ellipticity introduced by the ellipticity modulator and let us assume that η 0 Ψ 0 , Θ 0 . In the presence of both rotations and ellipticities, the extinguished intensity collected by the photodiode PDE in the ellipticity measurements and rotation measurements is given by
where σ 2 is the extinction coefficient of the crossed polarisers and I 0 is the intensity transmitted by the cavity, essentially equal to the intensity in the ellipticity or in the rotation, Ψ 0 or Θ 0 , respectively [8, 11] :
By demodulating the extinguished intensity at the frequency ν m , the ellipticity and rotation signals can be expressed in terms of the components of the Fourier transform of the demodulated signal as [1]
Birefringent mirrors
In previous papers [1, 7] it was shown that, as a consequence of the intrinsic birefringence of the cavity mirrors [19] , a cross-talk between ellipticity and rotation arises. We are assuming that a laser is frequency-locked to a birefringent cavity and that the input polarisation is aligned with one of the axes of the equivalent wave-plate of the cavity. In the case in which only an ellipticity is generated (pure Cotton-Mouton -or Voigt -effect in gases [20] ) the electric field component with orthogonal polarisation can be written as
where T is the transmittance of the mirrors, α is the total phase difference (due to the two mirrors) acquired by the two orthogonal polarisation components in a cavity round trip, and
is a factor taking into account the fact that, since the extinguished beam experiences a phase shift in the reflection on the mirrors, it cannot be on top of the cavity resonance curve. The electric field has an imaginary component describing the induced ellipticity but also a real component describing a rotation. More in general, in the presence of both an ellipticity Ψ 0 = N ψ 0 and a rotation Θ 0 = N θ 0 the measured values of Ψ and Θ are respectively
This means that, if the cavity mirrors are birefringent (and they always are), no meaningful measurement of only ellipticity or rotation can be done.
By measuring both, instead, the values of Ψ 0 and Θ 0 can in principle be disentangled by solving the two equations (4) above, provided that N and α are known. These two parameters completely characterise a Fabry-Perot cavity when used as a polarimetric device. In this paper we present a simple method to measure the two parameters.
A measurement of N is normally obtained by measuring the decay time τ I of the intensity transmitted by the cavity, recorded by the photodiode PDT of Fig. 1 :
where d is the distance between the cavity mirrors. This measurement usually implies unlocking the laser. In order to measure α, one has to resort to experimental configurations in which a birefringence and a dichroism are not simultaneously present. In these cases, in fact, only one of the two quantities ψ 0 and θ 0 are different from zero. If for example θ 0 = 0 (pure birefringence, as in gases) one has
The ratio of the rotation Θ b and of the ellipticity Ψ b is then
giving the value of α. The same mathematics applies to the complementary case in which only θ 0 = 0 (a pure dichroism -or, more generally, a rotation):
The ratio Ψ d /Θ d gives the same value of R 0 .
Frequency dependence
When doing polarimetry with a Fabry-Perot cavity, since the mirrors in practice always feature some birefringence, one has to pay attention to the different frequency dependences of the two terms appearing in each of the two equations (4) . As the effects are modulated by the rotation of the magnetic field, these equations concern the amplitude of Fourier components of the extinguished intensity, and not dc quantities: the equations (4) strictly hold only in the limit of zero frequency. The first term in each of the two equations (4) has the same frequency dependence as the electric field transmitted by the cavity, namely that of a first order filter [5] . The second terms in the two equations, instead, are generated by a second order process. In fact, in order for them to show up, the polarisation component orthogonal to the input polarisation must first be created and only then the effect of the intrinsic birefringence of the mirrors can transform the ellipticity into a rotation and vice versa.
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Aldo Ejlli et al. di↵erence 2 0 ⌧ 1. This corresponds to a maximum ellipticity per passage equal to 0 . As said above, light in the first cavity is kept on top of the resonance curve by means of a feedback system that locks the laser frequency to the resonance frequency of this cavity. This amounts to say that the multiple beam pattern on the left of Fig. 2 is stationary, and not time dependent. In this condition, the electric field at the exit of this cavity is easily calculated as
where R is the reflectance of the mirrors. To calculate the behaviour of the second cavity, we focus on the k-th pair of passages inside the first cavity, with an electric field ⇡ E 0 p T R k . The beam traverses two times the birefringent region, giving a contribution to the electric field inside the second cavity equal, to first order in 0 , to 2i 0 sin 2 E 0 p T R k , where = ! B t+ 0 is the time dependent angle between the input polarisation direction and the instantaneous direction of the magnetic field. This contribution exits the second cavity by undergoing multiple reflections, during which a negligible ellipticity is generated back in the first cavity. To synchronise all the partial beams in the output electric field, however, one has to consider contributions that have been generated at previous times separated by the time interval ⌧ = 2d/c. The electric field at the exit of the second cavity is then given by A more detailed analysis of the phenomenon shows that the non-zero value of α modifies the frequency response of the two signals with respect to the simple first and second order filters. The calculation is performed referring to the usual scheme of multiple interference depicted in Fig. 2 , applied to the two cavities, one travelled by light having polarisation equal to the input one, and the other with orthogonal polarisation. The two cavities coincide spatially, but do not interfere. The second cavity has no input beam, and is pumped by the magnetic anisotropy. We analyse the case of the magnetic birefringence that is generated by the rotating magnetic field in gas; the specular case of the dichroism can be treated exactly with the same mathematics. The magnetic birefringence due to the rotating magnets can be schematised as a rotating birefringent wave-plate with a small phase difference 2ψ 0 1 (as we will see, one must have N ψ 0 1). This corresponds to a maximum ellipticity per passage equal to ψ 0 . As said above, light in the first cavity is kept on top of the resonance curve by means of a feedback system that locks the laser frequency to the resonance frequency of this cavity. This amounts to say that the multiple beam pattern on the left of Fig. 2 is stationary, and not time dependent. In this condition, the electric field at the exit of this cavity is easily calculated as
where R is the reflectance of the mirrors. To calculate the behaviour of the second cavity with orthogonal polarisation, we focus on the k-th pair of passages inside the first cavity, with an electric field ≈ E 0 √ T R k . The beam traverses two times the birefringent region, giving a contribution to the electric field inside the second cavity equal, to first order in ψ 0 , to 2iψ 0 sin 2φ E 0 √ T R k , where φ = ω B t + φ 0 is the time dependent angle between the input polarisation direction and the instantaneous direction of the magnetic field. This contribution exits the second cavity by undergoing multiple reflections, during which a negligible ellipticity is generated back in the first cavity. To synchronise all the partial beams in the output electric field, however, one has to consider contributions that have been generated at previous times separated by the time interval τ = 2d/c. The electric field at the exit of the second cavity is then given by
where φ j = φ − jω B τ . In this second cavity, the phase factor e −iα is introduced at each round trip to take into account the birefringence of the cavity mirrors: remember that the polarisation is aligned to one of the cavity axes.
Using the Jones matrices, the electric field at the photodiode PDE is obtained as
In this formula, from left to right, one finds the matrices of the analyser, of the ellipticity modulator, and of the quarter-wave-plate. In this last matrix, q = 1 for ellipticity measurements, when the wave-plate is out of the optical path and the matrix therefore coincides with the identity matrix, whereas q = (1 + i)/ √ 2 for rotation measurements when the quarter wave-plate is inserted. The extinguished electric field is then
By Fourier transforming the intensity recorded by the photodiode PDE demodulated at the frequency ν m of the ellipticity modulator, and by sub- 
It is easy to verify that the formulas (6) and (8) are obtained from the amplitudes in the limit δ → 0.
In Fig. 3 , the four equations (9) above are plotted as functions of the frequency for various values of R 0 = N α/2. In the limit R 0 → 0, the transfer function of the ellipticity reduces to that of a first order filter [5] : In the same limit, the rotation amplitude vanishes; nevertheless, for small R 0 , the shape of the rotation curve and its phase converge to those of a second order filter:
In this article we present an experimental study of the Fabry-Perot cavity of the PVLAS polarimeter, obtained through the measurements of two magneto-optical effects as a function of frequency. One is the magnetic birefringence in gas. The second is the rotation generated by a Faraday effect in the reflecting layers of the dielectric mirrors of the cavity [21] ; for this second measurement, a solenoid coil has been added to the PVLAS apparatus. The choice of the Faraday effect is motivated by the absence of a usable low-energy magnetic dichroism effect in gases. Each of the two sets of data is a complete characterisation of the FP cavity. Both confirm the frequency dependences quoted above.
3 Experimental set-up and method
The PVLAS polarimeter
The set-up of the PVLAS has been presented elsewhere [1] , hence only a brief summary will be given here. A scheme and a picture of the apparatus are shown in Fig. 4 . The polarimeter consists of a 3.3 m long Fabry-Perot cavity inserted between two crossed polarisers. The finesse of the cavity has been measured recording the decay of the intensity I 1 . The results are reported in Fig. 5 . The best fit gives τ I = 2.32 ± 0.02 ms, corresponding to a finesse F = (662 ± 6) × 10 3 , N = (421 ± 4) × 10 3 and a line-width frequency dependences quoted above.
3 Experimental set-up and method The set-up of the PVLAS has been presented elsewhere [1] , hence only a brief summary will be given here. A scheme and a picture of the apparatus are shown in Fig. 4 . The polarimeter consists of a 3.3 m long Fabry-Perot cavity inserted between two crossed polarisers. The finesse of the cavity has been measured recording the decay of the intensity I 1 . The results are reported in Fig. 5 . The best fit gives ⌧ = 2.32 ± 0.02 ms, corresponding to a finesse F = (662 ± 6) ⇥ 10 3 , N = (421 ± 4) ⇥ 10 3 ) and a line-width ⌫ c = 68.0±0.6 Hz. The whole polarimeter, from the polariser to the analyser is kept in high vacuum (pressure better than 10 7 mbar) or in a pure gas ν c = 68.0±0.6 Hz. The whole polarimeter, from the polariser to the analyser is kept in high vacuum (pressure better than 10 −7 mbar) or in a pure gas at low pressure. We have verified that the value of the finesse does not change due to the presence of the gas. The light source is a 2 W tuneable laser, frequency-locked to the cavity using the Pound-Drever-Hall method [22] . In the cavity, the beam travels inside glass tubes traversing the bores of two identical dipole permanent magnets (magnetic field lines orthogonal to the light path). The magnetic field inside each 20 mm diameter bore is 2.5 T, each magnetic region having an effective length L = 0.82 cm long [1] .
The magnets rotate around their axes; this modulates both the magnetic 
The measurement method
In the work presented in this paper, two different measurement configurations have been used. In both configurations, the ellipticity signal Ψ and the rotation signal Θ have been measured, both in amplitude and phase, as a function of the frequency. In the first configuration, one of the two rotating PVLAS magnets is used to induce a magnetic birefringence in Ar gas at 880 µbar (Cotton-Mouton effect [20] ) at frequencies ranging from 1 to 46 Hz (magnet rotation frequencies from 0.5 to 23 Hz). The ellipticity and rotation signals are in this case described by Eqs. (9) . In the second configuration, a solenoid coil, positioned outside the vacuum chamber hosting one of the cavity mirrors and roughly aiming at the mirror centre, is used to generate an alternating magnetic field with a significant component orthogonal to the reflecting surface of the mirror, thus generating a Faraday effect [21] . We analyse the data in the same frequency range as above. for the phase of the rotation. Note that the duration of the ellipticity and rotation measurements were, respectively, eight hours and four hours, leading to an identical drift of 160 µdeg/s in the two measurements. This strongly supports the suggested interpretation. It is worth noting that the value of α is small enough that fitting simultaneously the four data sets with the expressions of the first and second order filters (11) and (12) still produces a reasonable fit, with a similar χ 2 probability, but at the expenses of an unreasonable 20% reduction of the value of F and of completely incompatible drifts of the ellipticity and rotation phases. In this case, α can be extracted from the low frequency ratio R 0 of the amplitudes of rotation and ellipticity [see Eq. (7)].
Magnetic rotation
In Fig. 7 be accounted for by the fact that the two datasets were taken in different days and that we know that α is subject to small drifts. As in the case of the Cotton-Mouton measurement, the uncertainties used in the fit are the piecewise standard deviations of the residuals obtained by fitting the four curves separately. Differently from the Cotton-Mouton case, no linear addition to the phase fit function was necessary. This is consistent with the interpretation of the feature observed in the Cotton-Mouton effect: in fact, in the case of the Faraday measurements, the phase is electronically defined.
By fitting the four curves with the expressions of the first and second order filters (11) and (12) we obtained F = 594 × 10 3 , with a χ 2 probability of 5 × 10 −3 , justifying the necessity of introducing the parameter α.
Conclusions
In this paper we have presented two experimental characterisations of an It should be noted that the Cotton-Mouton characterisation of the cavity requires introducing a gas in the Fabry-Perot enclosure whereas the Faraday characterisation is less intrusive as it requires no interventions on the FabryPerot. The Faraday effect on the mirrors can therefore be used to monitor R 0 during polarimetric measurements.
